Departing from a finite-difference scheme to approximate the solutions of the Burgers-Huxley equation, the present manuscript extends that technique to higher dimensions. We show that our methodology possesses the same numerical properties of the one-dimensional version (exactness, positivity, boundedness, monotonicity, etc.). Moreover, helped by a recent theorem on the existence and uniqueness of positive and bounded solutions of the Burgers-Huxley equation, we establish that the present method is a convergent scheme.
Background
Let R + represent the set of positive numbers, let R + = R + ∪ {} and suppose that α and γ are real numbers such that  < γ < . Throughout, we assume that u = u(x, y, t) is a real function on (x, y, t) ∈ R × R × R + which satisfies ∂u ∂t + αu ∂u ∂x
Here, denotes the two-dimensional Laplacian operator, and Several discretizations of () and related equations have been proposed in the literature using different approaches [-] . Recently, the first author derived an exact finitedifference scheme for the one-dimensional Burgers-Huxley equation, which preserved positivity, boundedness and monotonicity [] . However, questions like the following were left unanswered (the present note intends to provide affirmative responses to all of them).
Problem  Are there analytical results that guarantee the existence and uniqueness of positive and bounded solutions of the Burgers-Huxley equation?
Problem  Can the scheme of [] be dimensionally generalized in such way that the resulting method preserves the dynamical properties derived therein?
Problem  Is the scheme convergent? In the affirmative case, under which conditions? What is the order of convergence?
The following results are the most important properties on the existence and uniqueness of positive and bounded solutions of the Burgers-Huxley equation. They provide affirmative responses to Problem . 
As a consequence, if the conditions of Theorem  are satisfied for the initial-boundary conditions of the partial differential equation () then there exist T  >  and a unique solution of () in × [, T  ]. The proof readily follows from the theorem with F(x, t, u, ∇u) = -αu · ∇u · (, ) t + f (u) and f given by ().
The next result establishes the positivity and the boundedness of classical solutions of (). It will be a crucial tool in the derivation of the convergent character of our finitedifference method.
This work is divided as follows. In Section , we introduce the finite-difference scheme to approximate solutions of () and derive some technical results. In turn, Section  shows that our numerical method has the same dynamical properties as its one-dimensional counterpart, thus providing and affirmative answer to Problem . Section  is devoted to a proof of the convergence property of our technique. Finally, we close this work with a brief section of concluding remarks.
Preliminaries
Mimicking the approach followed in [ 
We convey that u k m,n will represent an approximation to the exact value of the solution of () at the point (x m , y n ) and the time t k .
Let
. . , N -}, and z = x, y we define the constants
For the sake of convenience, we introduce the following discrete operators (which are already standard in the literature of the area):
With this nomenclature at hand, the following formula provides a discretization of () at the point (x m , y n , t k ), for each m ∈ {, . . . , M -}, n ∈ {, . . . , N -}, and k ∈ {, , . . . , K -}: 
A simplification of the notation may prove convenient here [] . More precisely, when no danger of confusion is present, we will denote the function F k m,n by F. It is obvious that F is a cubic polynomial on u which may be rewritten as
As expected, the calculation of the roots of F will be carried out exactly using Cardano's method which, in spite of the fact that it is an elementary technique, has been used as an auxiliary tool in various mathematical problems [] . For the remainder of this work, we let μ ∈ {, γ } and assume that the following inequality holds at time t k : 
On the other hand, the fact that u k < μ holds yields Proof From the hypotheses,
So, the ordinate of the vertex of F is positive. This means that F >  in all R.
Let t k <  and |α|μr . The assumptions of the previous lemma are satisfied, and we conclude that F has exactly one zero in (, μ), as desired.
Dynamical consistency
The dynamical properties of the method () are noticed in this section. Following the nomenclature in [], for each k ∈ {, , . . . , K} we let
Theorem  Let  < u  < μ and suppose that for each k ∈ {, , . . . , K}:
Proof Suppose that  < u k < μ and m ∈ {, . . . , M -}, n ∈ {, . . . , N -}. Then u k+ m,n ∈ (, μ) by discussions in the previous section, whence the result follows.
The next result establishes that the method () preserves the monotonicity. We employ here ideas of [] again.
Suppose that (), () and () of Theorem  as well as the condition • If m ∈ {, . . . , M -} and n ∈ {, . . . ,
This corollary still holds if we reverse the corresponding inequalities between successive approximations.
Convergence
We follow now the approach of [] to show that the method () is a convergent technique. First, we quote or prove some technical lemmas.
Lemma  (Discrete Gronwall's inequality []) Let K > , and let A, B, C k
For simplicity, we consider now a regular partition of [, T] consisting of K subintervals. This implies that t k = t for each k ∈ {, , . . . , K -} where t = T/K , and that R Proof Fix a common bound C  ∈ R + for the functions
and ∂ yyyy u in the interior of , and such that the following holds:
Use these inequalities to obtain
for z = x, y. The fact that u is bounded in (, ) yields
As a consequence,
If 
Proof Departing from (), using the fact that w is a solution for the finite-difference scheme and simplifying, we reach the following expression for each m ∈ {, . . . , M -}, each n ∈ {, . . . , N -}, and k ∈ {, , . . . , K -}: 
If (w)
K k= is the unique solution of () in (, μ) then there exists a constant C ∈ R + independent of t, x, and y such that
